For any asymptotically dynamically convex contact manifold Y , we show that SH(W ) = 0 is a property independent of the choice of topologically simple (i.e. c 1 (W ) = 0 and π 1 (Y ) → π 1 (W ) is injective) Liouville filling W . In particular, if Y is the boundary of a flexible Weinstein domain, then any topologically simple Liouville filling W has vanishing symplectic homology. As a consequence, we answer a question of Lazarev partially: a contact manifold Y admitting flexible fillings determines the integral cohomology of all the topologically simple Liouville fillings of Y . The vanishing result provides an obstruction to flexible fillability. As applications, we construct exotic contact structures on S 2n−1 that can not be filled by flexible Weinstein domains.
Introduction
The study of the topology of fillings of a given contact manifold was initiated by Gromov and Eliashberg in the 1980s. A combination of results in [Gro85, Eli90] shows that the Weinstein filling of the standard contact 3-sphere (S 3 , ξ std ) is unique up to symplectic deformation. In general, one can ask in what case contact manifolds can determine their Liouville fillings. For the topology of the fillings, Eliashberg-Floer-McDuff [McD91] proved that any Liouville filling of (S 2n−1 , ξ std ) is diffeomorphic to D 2n . Barth-Geiges-Zehmisch [BGZ16] generalized the Eliashberg-Floer-McDuff theorem to the subcritical case: all Liouville fillings of a subcritically-fillable, simply-connected contact manifold are diffeomorphic to each other. Regarding the symplectic topology of fillings, Seidel and Smith [Sei08] proved that any Liouville filling of (S 2n−1 , ξ std ) has vanishing symplectic homology, which provides evidence that the filling of (S 2n−1 , ξ std ) might be unique. In this note, we more generally consider asymptotically dynamically convex contact manifolds (definition 8) and their topologically simple Liouville fillings (definition 5). We prove the following theorem in §3. Note that all the Liouville fillings of (S 2n−1 , ξ std ) are diffeomorphic to D 2n by [McD91] , hence all Liouville fillings of (S 2n−1 , ξ std ) are topologically simple. Since (S 2n−1 , ξ std ) is asymptotically dynamically convex and SH * (D 2n ; Z) = 0 for the standard filling (D 2n , ω std ). Thus Theorem 1 reproves the Seidel-Smith theorem [Sei08] .
Recently, Lazarev [Laz16] showed that all flexible fillings of a contact manifold have the same integral cohomology. He also raised the following question.
Question 2 ([Laz16, §8 Problem 1]). If (Y, ξ) has a flexible filling W , do all Liouville fillings of (Y, ξ) have the same cohomology as W ?
We answer question 2 partially in corollary 16: All topologically simple Liouville fillings of Y , in particular, all Weinstein fillings, have the same integral cohomology as W . Moreover, they all have vanishing symplectic homology. Thus corollary 16 provides evidence towards the following question.
Question 3. If (Y, ξ) has a flexible filling W , is the Liouville filling of Y unique?
Theorem 1 also provides an obstruction to fillability by flexible Weinstein domains. We use this to prove that the Brieskorn manifolds of dimension greater or equal to 5 cannot be filled by flexible Weinstein domains. We also consider the exotic contact structures on S 2n−1 , which were first constructed by Eliashberg [Eli91] , and were intensively studied in [ 
Preliminaries on Fillings and Symplectic Homology

Symplectic fillings
We assume throughout this note that (Y, ξ) is a contact manifold of dimension 2n − 1 ≥ 5, such that ξ is co-oriented and its first chern class c 1 (ξ) = 0.
Definition 4.
• 
For simplicity, we only consider connected fillings in this note.
For grading reasons in symplectic homology, we will only consider Liouville domains satisfying the following property. Proof. Since φ has only critical points with index less than n = 1 2 dim W , the filling W can be constructed from Y by attaching handles with index greater than n; see [CE12] . This implies that π 2 (W, Y ) = 0, since n ≥ 3. Now injectivity of π 1 (Y ) → π 1 (W ) follows from the long exact sequence 
are both injective, the induced map on the free product of groups is also injective. Hence W ♮W ′ is also topologically simple.
The following definition is due to Lazarev [Laz16, Definition 3.6], and it generalizes the dynamically convex contact structures studied in [AM17, CO15, HWZ99] . A contact form α for the contact structure ξ is called regular, if all Reeb orbits of α are non-degenerate. Let α 1 , α 2 be contact forms for the same contact structure ξ. A partial order on the contact forms for a fixed co-oriented contact structure is given by α 1 ≥ α 2 iff α 1 = f α 2 and f ≥ 1; see [Laz16, §3] . An important fact is that the property of asymptotically dynamically convex is preserved under subcritical surgeries and flexible surgeries [Laz16, Theorem 3.15, 3.17, 3.18] . In this note, we will use the following special case.
Lazarev also showed that there is a large class of asymptotically dynamically convex contact manifolds. 
Symplectic homology and positive symplectic homology
To a Liouville filling (W, λ) of the contact manifold (Y, ξ), one can associate the completion
For any coefficient ring or field k, the symplectic homology SH * (W ; k) is defined to be the Hamiltonian Floer homology on ( W , d λ) for the quadratic Hamiltonian H, where H = r 2 on the cylindrical end and C 2 small on W . After a C 2 small perturbation of H, the chain complex is generated by the contractible Hamiltonian periodic orbits. There are two types of generators: (1) critical points in W , (2) periodic orbits in [0, ∞) × Y . One can choose the perturbation carefully such that there is a one-to-one correspondence between Reeb orbits on Y and pairs of Hamiltonian periodic orbits on [0, ∞) × Y . The differential arises from counting the solutions to the Floer equations; see [Cie02, Sei08, Laz16] for details of the construction. The complex generated by the critical points in W is a subcomplex and the positive symplectic homology SH + * (W ; k) is defined to the homology of the quotient complex; see [CO15] . Moreover, we have the following exact triangle.
Proposition 11. [Laz16, §2.4] For a Liouville domain W with c 1 (W ) = 0, there is an exact triangle:
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Since there is a correspondence between the chain complex for SH + * (W ; k) and Reeb orbits, one may hope that SH + * (W ; k) is an invariant of the contact boundary. This is not true in general, but if Y is asymptotically dynamically convex, then the positive symplectic homology SH 
For the proof of theorem 1, we also need to recall the ring structure and boundary connected sum formula on symplectic homology. 
Proposition 13 ([Rit13, Theorem 6.6]). The pair of pants product SH
* (W ; k) ⊗ SH ⋆ (W ; k) → SH * +⋆−n (W ; k) makes SH * (W ; k) into
Proof of Theorem 1
Proof of theorem 1. We will first show SH * (W ′ ; k) = 0 for any field k. By the universal coefficient theorem [Mac12] , SH * (W ; Z) and SH * (W ; k) are related by the following short exact sequence.
Hence SH * (W ; Z) = 0 implies that SH * (W ; k) = 0 for any field k. Then proposition 11 yields an isomorphism
Since (Y, ξ) is asymptotically dynamically convex and both W, W ′ are topologically simple, proposition 12 and (3.0.2) yield an isomorphism
Applying proposition 11 to W ′ , we have the following long exact sequence (3.0.4)
Next, we will rule out the case of SH n+1 (W ′ ; k) = k. By proposition 9, the contact connected sum Y #Y is also asymptotically dynamically convex. 
The following corollary provides a partial answer to question 2. 
F → E ∪ Y 0 F denote the inclusions and consider the Mayer-Vietoris sequence Corollary 16 also provides the following obstruction to the existence of flexible Weinstein fillings.
Corollary 19. Suppose (Y, ξ) is a contact manifold. If one of the following conditions hold, then there are no flexible Weinstein fillings for (Y, ξ).
There is a topologically simple Liouville filling
W ′ of Y , such that SH * (W ′ ; Z) = 0.
There is a Weinstein filling
Proof. Note that condition 2 implies condition 1 by proposition 6. Suppose condition 1 holds and assume that Y has a flexible Weinstein filling W . Then by corollary 16, SH * (W ′ ; Z) = 0, which contradicts the condition 1.
Applications
Brieskorn manifolds have no flexible Weinstein fillings
As an application of the obstruction considered in corollary 19, we show that all the Brieskorn manifolds [KvK16, Definition 2.7] with dimension greater or equal to 5 can not be filled by flexible Weinstein domains. We review some basics of Brieskorn manifolds following [KvK16] . Let a = (a 0 , . . . , a n ) be an (n + 1)-tuple of integers, such that a i ≥ 2 for all i = 0, . . . , n. The Brieskorn manifold Σ(a) is defined as follows:
For ǫ sufficiently small, the Brieskorn manifold (Σ(a), ξ a := ker α a ) has a Weinstein filling:
with the symplectic form induced from C n+1 ; see [KvK16, §2] . Moreover, V ǫ (a) is homotopy equivalent to n j=0
Theorem 20. The Brieskorn manifolds of dimension ≥ 5 can not be filled by flexible Weinstein domains.
(a j −1) S n = 0, since n ≥ 3 by assumption. Therefore the 
Not flexibly fillable contact structures on spheres
The contact structures on S 3 is well-understood by the work of Eliashberg [Eli92] . For higher dimensional spheres, Eliashberg [Eli91] constructed exotic contact structures on (S 2n−1 , J std ) for odd n, where J std is the almost contact structure induced by the standard contact structure ξ std . Geiges [Gei97] and Ding-Geiges [DG04] generalized that to all spheres of odd dimension ≥ 5. Ustilovsky [Ust99] showed that there exist infinitely many different contact structures on (S 2n−1 , J) for odd n ≥ 3 and any fixed almost contact structure J. In this section, we construct infinitely many different contact structures on (S 2n−1 , J) for n ≥ 3, which can not be filled by flexible Weinstein domains. This construction allows fixing any almost contact structure J with the exception of a small class in case n = 8, 12, 16, . . .. More precisely, we can fix any J ∈ C 2n−1 in a subset C 2n−1 of almost contact structures on S 2n−1 as follows. Recall that an almost contact structure J on an oriented closed manifold M is a reduction of the structure group SO(2n − 1) to U(n − 1) × {id}. If α is a contact form for (Y, ξ), then an almost complex structure J on ξ compatible with d α induces an almost contact structure on Y . Therefore a co-oriented contact structure induces a unique almost contact structure. The almost contact structures on S 2n−1 are in one-to-one correspondence with π 2n−1 (SO(2n)/U(n)) by [Mor75] , and by a result from Massey [Mas61], (4.2.1)
Let ρ denote the bijection from the set of almost contact structures on S 2n−1 to π 2n−1 (SO(2n)/U(n)), then ρ(J std ) = 0. Moreover, ρ is additive with respect to the operation of contact connected sum, i.e. if ξ 1 , ξ 2 are two contact structures on S 2n−1 , and ξ 1 #ξ 2 is their contact connected sum, then ρ(ξ 1 #ξ 2 ) = ρ(ξ 1 ) + ρ(ξ 2 ); see [Ueb16] . Now, we define the set C 2n−1 to be all possible almost contact structures on S 2n−1 for n ≡ 1, 2, 3 mod 4 or n = 4. When n ≡ 0 mod 4 and n ≥ 8, we define C 2n−1 := ρ −1 (Z × {0}) to be the set of almost contact structures represented by the Z summand in (4.2.1). 
